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Devwudfw
Wklv sdshu sursrvhv d prgho ri whfkqlfdo fkdqjh edvhg rq Dgdp
Vplwk*v dqdo|vlv ri wkh uroh ri glylvlrq ri oderu lq hfrqrplf jurzwk1
Whfkqlfdo fkdqjh lv wkh glvfryhu| ri qhz fdslwdo jrrgv zklfk khos
zrunhuv ru hyhq uhsodfh zrunhuv shuiruplqj suhflvh wdvnv1 Dv d frq0
vhtxhqfh/ wkh qxpehu ri rssruwxqlwlhv ri lqqrydwlrq lv dq lqfuhdvlqj
ixqfwlrq ri wkh qxpehu ri wdvnv shuiruphg lq wkh hfrqrp|1 Zh ￿uvw
prgho glylvlrq ri oderu zlwklq ￿upv dqg wkhq prgho wkh uhvhdufk vhf0
wru1 Wkh suredelolw| ri lqqrydwlrq lv qrw rqo| d ixqfwlrq ri wkh txdq0
wlw| ri uhvrxufhv doorfdwhg wr wkh uhvhdufk vhfwru/ exw dovr ri wkh wrwdo
qxpehu ri wdvnv1 Zh vkrz wkdw wklv wkhru| |lhogv d jurzwk prgho
zlwkrxw vfdoh h￿hfwv1 Wkh pdunhw htxloleulxp |lhogv dq rswlpdo htxl0
oleulxp jurzwk udwh/ exw d vxe0rswlpdo wudqvlwru| g|qdplf1 Wklv vxe0
rswlpdolw| fdq wdnh wzr irupv = hlwkhu wrr pdq| uhvhdufkhuv dqg dq
lqwhuqdo glylvlrq ri oderu wrr vpdoo dq lqwhuqdo glylvlrq ri oderu/ ru
wrr ihz uhvhdufkhuv dqg dq wrr kljk dq lqwhuqdo glylvlrq ri oderu1 Zh
vkrz wkdw wkh orqj uxq jurzwk udwh ghshqgv rq wkh dvvxpswlrq pdgh
rq wkh hyroxwlrq ri wkh qxpehu ri wdvnv gxulqj hfrqrplf ghyhorsphqw1
Li wkh qxpehu ri wdvnv lqfuhdvhv lq wkh orqj uxq/ d srvlwlyh h￿hfw ri wkh
glyhuvlw| ri fdslwdo jrrgv rq surgxfwlylw| lv qrw qhfhvvdu| wr rewdlq d
srvlwlyh shu fdslwd jurzwk udwh1
4Nh|zrugv = glylvlrq ri oderu/ whfkqlfdo fkdqjh/ jurzwk/ vfdoh hi0
ihfwv1
MHO = R63/ R73/ O56/ G541
4 Lqwurgxfwlrq
Wkh dqdo|vlv ri wkh ghwhuplqdqwv ri jurzwk lq prghov edvhg rq wkh glvfryhu|
ri qhz lghdv ohdg wr wkh sureohp ri vfdoh hhfwv1 Wkh uvw prghov/ lqfoxglqj
Urphu ^4<<3`/ Jurvvpdq dqg Khospdq ^4<<4`/ Djklrq dqg Krzlww ^4<<5`/
|lhog wkh frqfoxvlrq wkdw dq lqfuhdvh lq wkh vl}h riwkh srsxodwlrq lqgxfhv dq
lqfuhdvh lq wkh uhvrxufhv doorfdwhg wr wkh uhvhdufk vhfwru/ zklfk ohdgv wr dq
dffhohudwlqj jurzwk udwh shu fdslwd1 Mrqhv ^4<<8d` vkrzv wkdw wklv hhfw fdq
qrw eh revhuyhg dqg wkdw/ rq wkh frqwudu|/ wkh jurzwk udwh uhpdlqhg frqvwdqw
zkhuhdv wkh qxpehu ri uhvhdufkhuv dqg vflhqwlvwv juhz udslgo|1 Wklv qglqj
lqgxfhg wzr glhuhqw olqhv ri uhvhdufk1 Wkh uvw rqh prghov dq lqfuhdvlqj
gl!fxow| ri qglqj qhz lghdv + wkh prgho ri Mrqhv^4<<8e`/ Nruwxp ^4<<:`/
dqg Vhjhuvwurp ^4<<;`,1 Wkh vhfrqg olqh ri uhvhdufk dggv d vhfrqg glphqvlrq
wr jurzwk prgho zlwk vfdoh hhfwv/ 1 Li lq wklv glphqvlrq wkh vslooryhuv duh
lqvx!flhqw wr vxvwdlq jurzwk/ wkhq wkh vfdoh hhfwv glvdsshdu1 \rxqj ^4<<;`
suhvhqwv d prgho ehorqjlqj wr wklv fodvv/ zkhuh wkh glyhuvlw| ri fdslwdo jrrgv
lv lqwurgxfhg lq d txdolw| odgghu prgho1 Klv dujxphqw lv edvhg rq Jlooodq
^4<68` =* ^D` qhz frqjxudwlrq ri irufhv fdoo iruwk d qxpehu ri lqghshqghqw
vroxwlrqv e| glhuhqw lqyhqwruv111oolqj wkh vdph qhhg*1 Lq \rxqj*v prgho wkh
lqfuhdvh lq wkh qxpehu ri qhhgv ixooohg grhv qrw udlvh surgxfwlylw| zkhuhdv
wkh lqfuhdvh lq txdolw| ri lqwhuphgldwh jrrg grhv1 Zh sursrvh d prgho ri
jurzwk zlwkrxw vfdoh hhfwv zkhuh wkh *qhhgv* ri lqqrydwlrq dqg wkh gl!fxow|
ri lqqrydwlqj duh pdgh hqgrjhqrxv1 Rxu prgho lv edvhg rq Dgdp Vplwk
dqdo|vlv ri wkh uroh ri glylvlrq ri oderu lq wkh Zhdowk ri Qdwlrqv1 Dffruglqj
wr Dgdp Vplwk/ glylvlrq ri oderu kdv wkuhh hhfwv/ hdfk ri zklfk lqfuhdvhv
surgxfwlylw| = zrunhuv jhw vshfldol}hg dqg udlvhv wkhlu gh{whulw|/ wlph lv vdyhg
ehfdxvh zrunhuv gr qrw orrvh wlph lq fkdqjlqj wdvnv/ dqg lw lv srvvleoh wr
lqwurgxfh qhz pdfklqhv zkhq wdvnv duh glylghg dqg vlpsoh hqrxjk1 Wkh uvw
hhfwv kdv ehhq prghohg dqg zdv riwhq frqvlghuhg dv d v|qrq|p riglylvlrq
ri oderu1 Exw \rxqj^4<5;` zulwhv wkdw wkh prvw lpsruwdqw srlqw olhv lq wkh
uhodwlrqvkls ehwzhhq glylvlrq ri oderu dqg fdslwdo jrrgv1 Lq idfw/ glylvlrq
ri oderu grhv qrw rqo| idflolwdwh wkh lqwurgxfwlrq ri fdslwdo jrrgv/ exw lw lv
hperglhg lq glhuhqw fdslwdo jrrgv1 Wklv hqwdlov uvw wkdw dq lqfuhdvh lq
5wkh glyhuvlw| ri fdslwdo jrrgv fdq eh vhhq dv dq lqfuhdvh lq wkh glylvlrq ri
oderu ehwzhhq up1 Dv d frqvhtxhqfh/ dq lqfuhdvh lq wkh glyhuvlw| ri lqsxwv
udlvhv surgxfwlylw| ri upv xvlqj wkrvh lqsxwv/ dv lq Urphu^4<<3`1 Wklv
dovr hqwdlov wkdw fdslwdo jrrgv duh lqwurgxfhg lq wkh hfrqrp| ehfdxvh ri wkh
phfkdql}dwlrq ri wkh glylvlrq ri oderu1 Wkh qxpehu ri fdslwdo jrrgv wkdw fdq
eh lqwurgxfhg lv wkxv dq lqfuhdvlqj ixqfwlrq ri wkh qxpehu ri wdvnv shuiruphg
lq wkh hfrqrp|1 Dv d frqvhtxhqfh/ wkh qxpehu ri rssruwxqlwlhv ri lqqrydwlrq
lv dq lqfuhdvlqj ixqfwlrq ri wkh wrwdo qxpehu ri wdvnv1 Jurzwk lv wkxv edvhg
rq d frqwlqxrxv lqfuhdvh lq h{whuqdo glylvlrq ri oderu/ wkh qxpehu ri glhuhqw
upv/ edvhg rq wkh rssruwxqlwlhv ri lqqrydwlrq jhqhudwhg e| wkh glylvlrq ri
oderu dw wkh upv ohyho1 Zh vkrz wkdw wklv jurzwk phfkdqlvp |lhogv d prgho
ri jurzwk zlwkrxw vfdoh hhfw1
Iluvw zh prgho glylvlrq ri oderu dw wkh up ohyho1 Hdfk up surgxfhv
zlwk lqwhuphgldwh jrrgv erxjkw iurp rwkhu upv dqg fkrrvhv lwv lqwhuqdo
glylvlrq ri oderu/ zklfk udlvhv surgxfwlylw| ri oderu rq wkh rqh kdqg/ exw
jhqhudwhv lqirupdwlrq frvwv1 Wkhvh frvwv duh frvwv ri frruglqdwlqj wkh zrun
rq pdq| wdvnv1 Wkhvh lqirupdwlrq frvwv kdyh ehhq prghohg e| Erowrq dqg
Ghzdwulsrqw ^4<<7`1 Hdfk up surgxfhv zlwk d sdwhqw erxjkw iurp d uhvhdufk
vhfwru1 Wkh fuxfldo dvvxpswlrq ri wklv prgho lv wkdw wkh suredelolw| ri d vxf0
fhvvixo lqqrydwlrq ghshqgv qrw rqo| rq wkh oderu ghyrwhg wr uhvhdufk exw dovr
rq wkh wrwdo qxpehu ri wdvnv shuiruphg lq wkh hfrqrp|1 Wklv olqn hqgrjh0
ql}h wkh gl!fxow| ri lqqrydwlrq lqwurgxfhg e| Nruwxp ^4<<:` dqg Vhjhuvwurp
^4<<;`1
Wkh prgho |lhogv wkuhh pdlq uhvxowv1 Iluvw/ zh sursrvh d wkhru| ri whfkql0
fdo fkdqjh edvhg rq glylvlrq ri oderu zklfk pdnhv wkh gl!fxow| ri lqqrydwlrq
hqgrjhqrxv1 Lw |lhogv d jurzwk prgho zlwkrxw vfdoh hhfwv1 Vhfrqg/ zh vkrz
wkdw wkh pdunhw htxloleulxp |lhogv dq rswlpdo jurzwk udwh/ exw wkh wudqvlwru|
g|qdplf lv qrw rswlpdo1 Hlwkhu wkhuh duh wrr ihz uhvhdufkhuv dqg wrr kljk dq
lqwhuqdo glylvlrq ri oderu/ ru wkhuh duh wrr pdq| uhvhdufkhuv dqg wrr vpdoo dq
lqwhuqdo glylvlrq ri oderu1 Wkh wklug uhvxow frqfhuqv wkh wrwdo qxpehu ri wdvnv
shuiruphg lq wkh hfrqrp|1 Lv wklv qxpehu urxjko| frqvwdqw gxulqj hfrqrplf
jurzwk ru grhv lw lqfuhdvh B Zh vkrz wkdw hdfk dvvxpswlrq |lhogv glhuhqw
uhvxow rq wkh orqj uxq jurzwk udwh1
Wkh duwlfoh lv glylghg lq irxu sduwv1 Iluvw zh ghulyh wkh pdunhw htxloleulxp
jurzwk udwh1 Wkhq/ wkh rswlpdo sureohp lv vroyhg1 Wkh wklug sduw glvfxvvhv
wkh hyroxwlrq ri glylvlrq ri oderu gxulqj hfrqrplf ghyhorsphqw1 Wkh uhvxowv
duh vxppdul}hg lq wkh frqfoxvlrq1
65 Wkh pdunhw htxloleulxp
514 Wkh krxvhkrogv
Wkh vl}h ri wkh srsxodwlrq dw wlph | lv uE|'e￿|1 Hdfk krxvhkrog lv prghohg







zkhuh E| lv shu shuvrq xwlolw| dw wlph |/z k l f kl vj l y h qe |
ES|'* ?S|
Dw wlph | wkhuh lv d frqwlqxxp ri upv ri ohqjwk |1 Wkh frqvxpswlrq ri wkh
krxvhkrogv lv d ixqfwlrq ri wkh txdqwlw| ri hdfk jrrg frqvxphg1 Zh dvvxph





zkhuh S￿c| lv wkh txdqwlw| ri jrrg erxjkw wr up  5 df|o1D w w k h h t x l 0
oleulxp hdfk up fkdujhv wkh vdph sulfh1 Wklv sulfh zloo eh wkh qxphudluh1
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KE|/z k h u hKE| ghqrwhv wkh shu fdslwd qdqfldo dvvhvwv/ E| w k hz d j hl q 0
frph ri wkh uhsuhvhqwdwlyh krxvhkrog/ dqg oE| ghqrwhv wkh lqvwdqwdqhrxv




' oE|  4 +4,
7515 Wkh upv
Hdfk jrrg lq wkh hfrqrp| fdq eh hlwkhu frqvxphg e| wkh krxvhkrog ru
xvhg dv dq lqwhuphgldwh jrrg e| rwkhu upv1 Wkh ydulrxv jrrgv duh shuihfw
vxevwlwxwh iru wkh krxvhkrog exw wkh| duh lqshuihfw vxevwlwxwh iru wkh upv
zklfk xvh wkhp dv lqwhuphgldwh jrrgv1 Hdfk up kdv wzr glhuhqw zd|v wr
surgxfh d jrrg/ hlwkhu lw ex|v d sdwhqw zklfk doorzv lw wr surgxfh zlwk dq
qrq frqvwdqw uhwxuq whfkqrorj| ru lw lplwdwhv h{lvwlqj upv1 Lq wkh fdvh ri
lplwdwlrq wkh up surgxfhv zlwk oderu dqg surgxfhv zlwk d frqvwdqw uhwxuq
whfkqrorj|1
Dw hdfk shulrg |/ wkhuh lv d frqwlqxxp ri up ri ohqjwk |1Z k h q d
up kdv erxjkw d sdwhqw/ lw kdv dffhvv wr d whfkqrorj| wkdw doorz wkh up wr
fkrrvh lwv lqwhuqdo glylvlrq ri oderu _| zklfk lv wkh qxpehu ri wdvnv shuiruphg
lq wkh up/ dqg wkh wlph vshqw rq hdfk wdvn %, +f  ,  _|,1 Wdvnv duh qrw
shuihfw vxevwlwxwh iru hdfk rwkhu1 Wkh| hqwhu wkh surgxfwlrq ixqfwlrq wkurxjk









Wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq wdvnv lv wkxv *r1 Wkh up dovr fkrrvhv






















zlwk c#c0cj : f dqg r: Wr xqghuvwdqg wkh sdudphwhuv lq wklv
surgxfwlrq ixqfwlrq/ dvvxph wkdw wkh up xvhv d wrwdo dprxqw ri oderu htxdo
wr u/ dqg d wrwdo dprxqw ri fdslwdo htxdo wr g1 Dvvxph pruhryhu/ wkdw wkh
up xvhv lwv oderu dqg fdslwdo xqlirupo| dprqj doo wdvnv dqg lqwhuphgldwh






Iluvw/ j dqg # duh wkh hodvwlflw| ri surgxfwlrq zlwk uhvshfw wr wkh wrwdo dprxqw
ri oderu dqg fdslwdo1 Zkhq wkh dprxqw ri wrwdo fdslwdo lv {hg/ wkh hhfw ri
dq lqfuhdvh lq wkh qxpehu ri w|shv ri fdslwdo jrrgv dydlodeoh wr wkh up udlvhv
rxwsxw e| dq dprxqw sursruwlrqdo wr 
￿
|  Dv qrwhg e| Ehqdvv|^4<<9`/  lv
wkh fruuhfw phvxuh ri wkh hhfw ri glyhuvlw| ri fdslwdo jrrgv rq surgxfwlylw|1
Wkh hhfw rq rxwsxw ri dq lqfuhdvh lq wkh qxpehu ri wdvnv shuiruphg lq wkh
up ghshqgv rq wkh whup _
j
r3￿
￿c| 1 Wklv hhfw lv juhdwhu wkh vpdoohu r:/d q g
wkh juhdwhu j1 Wkh sdudphwhu r uhsuhvhqwv wkh hhfw ri wkh lqwhuqdo glylvlrq
ri oderu rq surgxfwlylw| ri oderu1
8Frqwudu| wr wkh w|shv ri fdslwdo jrrgv dydlodeoh wr wkh up/ wkh lqwhuqdo
glylvlrq ri oderu lv fkrvhq e| wkh up1 Wkh uhodwlrq ehwzhhq glylvlrq ri
oderu dqg surgxfwlylw| duh vwuhvvhg e| Dgdp Vplwk lq wkh uvw fkdswhu ri
wkh Zhdowk ri Qdwlrqv1 Exw glylvlrq ri oderu hqwdlov dgglwlrqdo frvwv1 Frdvh
^4<6:` qrwhg wkdw wkh hqwuhsuhqhxuvkls ixqfwlrq h{klelwv ghfuhdvlqj uhwxuqv
wr vfdoh/ zklfk surylghv d udwlrqdoh iru wkh glylvlrq ri wkh surgxfwlrq lq
glhuhqw upv1 Erowrq dqg Ghzdwulsrqw ^4<<7` vwuhvv wkh frvwv ri lqirupdwlrq
dftxlvlwlrq dqg Ehfnhu dqg Pxusk| ^4<<5` fodlpv wkdw wkh ghjuhh ri glylvlrq
ri oderu lv olplwhg e| ydulrxv frvwv ri frruglqdwlqj zrunhuv1 Zh dvvxph wkdw
wkhvh rujdqlvdwlrq frvwv uhtxluh _w
￿c| xqlwv ri oderu1
Wkh h{lvwhqfh ri lplwdwruv lpsolhv wkdw hdfk sdwhqwhg up idfhv d olplw
sulfh wr dyrlg wkh surgxfwlrq ri lplwdwruv zklfk zrxog gulyh wkh surw ri wkh
sdwhqwhg up wr f1 Hdfk sdwhqwhg up idfhv wkh vdph olplw sulfh ehfdxvh ri
wkh frqvwdqw uhwxuq whfkqrorj| ri lplwdwruv 1 Zlwkrxw orvv ri jhqhudolw|/ zh
dvvxph wkdw wkh olplw sulfh lv htxdo wr 1W k h u p pd{lpl}hv lwv surwv
4@ 
_￿c|c%￿c&￿


























































































Wkh vhfrqg rughu frqglwlrqv uhtxluh wkdw j	/ #	/d q g r
r3￿j	w 1W k h
uvw htxdwlrq vkrzv hdfk up fkrrvhv wkh vdph dprxqw ri lwv lqwhuphgldwh
jrrgv1 Ehfdxvh ri wkh htxdolw| ri olplw sulfhv/ hdfk up ghpdqgv wkh vdph
dprxqw & ri wkh jrrg surgxfhg e| rwkhu upv1Wkh vhfrqg frqglwlrq lpsolhv
wkdw hdfk up doorfdwhv wkh vdph wlph % rq hdfk wdvn1 Hdfk upv fkrrvhv
wkh vdph lqwhuqdo glylvlrq ri oderu dqg surgxfhv wkh vdph dprxqw ri jrrg/
wkxv zh fdq zulwh _| wkh lqwhuqdo glylvlrq ri oderu ri hdfk up lqvwhdg ri _￿c|c
dqg wkh surgxfwlrq ri hdfk up '| lqvwhdg ri '￿c|1
9Uhduudqjlqj wkh uvw rughu frqglwlrqv ohdgv wr
#'| ' |& +8,





















Wkh surwv Z| ri hdfk up lv
Z| ' 6'| +<,
zlwk 6 '






/ zklfk lv wkh sursruwlrq ri surwv lq wkh up
rxwsxw1 Zh dvvxph wkdw wkh up surgxfhv zlwk d srvlwlyh surw/ vxfk wkdw
6:f1 Wkh srvlwlyh surwv gr qrw frph d prqrsrolvwlf frpshwlrq xqghu
frqvwdqw uhwxuq dvxpswlrq1 Lw frphv iurp wkh rwkhu fkrlfh yduldeoh/ wkh
glylvlrq ri oderu/ zklfk lqgxfhv wkdw wkh ryhudoo uhwxuqv duh qrq0frqvwdqw1
Dv d frqvhtxhqfh/ sulfh wdnhu upv pdnh d srvlwlyh surw1




















































r3￿1 Wklv frqvwdqw uhodwhv wkh ohyho ri shu up
rxwsxw wr wkh ohyho ri glylvlrq ri oderu dqg wr wkh qxpehu ri upv1 Wkh vwxg|
ri wkh rswlpdo sureohp zloo vkrz wkdw wkh pdunhw g|qdplf lv lqhflhqw rqo|
:gxulqj wkh wudqvlwru| g|qdplf1 Dv d frqvhtxhqfh/ wkh vwxg| ri wkh wudqvlwru|
g|qdplf dqg *ohyho hhfwv*/ zklfk gr qrw dsshdu lq wkh jurzwk udwh lv dv
lpsruwdqw dv wkh ghwhuplqdqw ri wkh jurzwk udwh1 Doo wkh fkdqjh wkdw udlvhv
. lqfuhdvhv wkh ohyho ri rxwsxw1 Txlwh lqwxlwlyho|/ . ghshqgv qhjdwlyho| rq
wkh frvwv ri frruglqdwlrq /d q gw1 . jhwv vpdoohu dv wkh hhfw ri glylvlrq
ri oderu rq oderu surgxfwlylw| ghfuhdvhv + l1h1 r lqfuhdvhv,1 Qdwxudoo|/ .
lqfuhdvhv zlwk wkh surgxfwlylw| ri oderu dqg fdslwdo1
Hdfk up vhoov lwv jrrg wr doo wkh rwkhu upv dqg wr wkh uhsuhvhqwdwlyh
krxvhkrog1 Dv hdfk upv fkdujhv wkh vdph sulfh/ dqg dv jrrgv hqwhu v|phw0
ulfdo| lq wkh xwlolw| ixqfwlrq/ wkh krxvhkrog frqvxphv dq htxdo dprxqw ri
wkh surgxfw ri hdfk up1 Pruhryhu wkh ghpdqg ri doo wkh rwkhu upv iru
wkh lqwhuphgldwh jrrg surgxfhg e| d suhflvh up lv wkh ghpdqg ri d up &
wlphv wkh qxpehu ri upv |1 Wkxv/ wkh htxloleulxp ri wkh surgxfw pdunhw












Wkh surgxfwlrq ri hdfk up lv wkh frqvxpswlrq ri wkh krxvhkrog wlphv d frq0
vwdqw ￿
￿3# : 1 Wklv frqvwdqw lv dq lqwhuvhfwruldo pxowlsolhu = li wkh krxvhkrog
lqfuhdvhv lwv frqvxpswlrq ri  xqlw/ wkh upv kdyh wr xvh pruh lqwhuphgldwh
jrrgv/ vr wkh ryhudoo lqfuhdvh lq surgxfwlrq lv juhdwhu wkdq  xqlw1
516 Wkh uhvhdufk vhfwru
Wkh duelwudjh htxdwlrq lq wkh uhvhdufk vhfwru lpsolhv wkdw wkh ydoxh T| ri d






Zlwk wkh lqwhuhvw udwh -E|'
U ￿
5’| oE5_51 Glhuhqwldwlqj wkh h{suhvvlrq
+44, zlwk uhvshfw wr | |lhogv oE|T| '
￿
T| n Z|1 Dv wkh qdqfldo pdunhwv
duh shuihfw/ wkh qhw uhwxuq ri krglqj d sdwhqw lv htxdo wr lwv uhwxuq rq wkh
qdqdfldo pdunhw dw wkh ulvnohvv lqwhuhvw udwh oE|1W k hy d o x hr ids d w h q wl v
;htxdo wr wkh vxp ri wkh surwv dw wlph | dqg wkh lqfuhdvh ri wkh ydoxh ri wkh








Wkh suredelolw| ri glvfryhu| ri d qhz sdwhqw/ zklfk lv d qhz w|sh ri
lqwhuphgldwh jrrg/ lv sursruwlrqdo wr wkh txdqwlw| ri oderu ?| xvhg lq wkdw
vhfwru wlphv wkh suredoelolw| b| shu xqlw ri oderu1 Wkh fuxfldo dvvxpswlrq ri
w k l vp r g h ol vw k d wb| lv d ixqfwlrq ri wkh qxpehu ri rssruwxqlwlhv ri lqqrydwlrq
wkdw duh dydlodeoh lq wkh hfrqrp|1 Dffruglqj wr wkh vplwkldq ylhz ri whfkqlfdo
fkdqjh/ wklv suredelolw| lv d ixqfwlrq ri wkh qxpehu ri wdvnv shuiruphg lq wkh
hfrqrp|1 Wkh dvvxpswlrq lv wkdw hdfk ri wkhp fdq eh phfkdqlvhg/ diwhu wkh
lqwurgxfwlrq ri qhz lqwhuphgldwh jrrgv1 Wkh qxpehu ri wdvnv shuiruphg lq
wkh hfrqrp| ghshqgv rq wkh dvvxpswlrq pdgh rq wkh glylvlrq ri oderu lq wkh
upv1 Lqghhg/ li hdfk up glylghv oderu lq d glhuhqw zd|/ wkhq wkh qxpehu
ri wdvnv lq wkh hfrqrp| lv wkh qxpehu ri wdvnv shuiruphg lq d up wlphv wkh
qxpehu ri upv |_|1 Exw li doo upv glylgh oderu wkh vdph zd|/ wkh wdvnv
shuiruphg lq hdfk upv duh wkh vdph1 Wkh wrwdo qxpehu ri wdvnv shuiruphg
lq wkh hfrqrp| lv _|￿Zh dvvxph uvw wkdw wkh qxpehu ri wdvnv shuiruphg lq
wkh hfrqrp| lv |_|1 Lq wkh glvfxvvlrq ri wkh uhvxowv/ zh dvvxph wkdw wkh wrwdo
qxpehu ri wdvnv shuiruphg lv _| dqg zh ghulyh ixuwkhu uhvxow1 Wkh suredelolw|
ri d vxffhvvixo lqqrydwlrq ri rqh xqlw ri oderu lq wkh uhvhdufk vhfwru lv wkxv
b| ' _|| +46,
Wkh duelwudjh htxdwlrq lpsolhv wkdw wkh uhvhdfk vhfwru pdnhv qr surwv/
wkdw lv wkh frvw ri rqh xqlw ri oderu lv htxdo wr lwv ydoxh/ zklfk lv wkh h{shfwhg
ydoxh ri dq lqqrydwlrq wlphv lwv suredelolw|
| ' b|T| +47,
Wkh lqfuhdvh lq wkh qxpehu ri sdwhqwv dw hdfk shulrg lv wkh qxpehu ri qhz
glvfryhulhv
￿
| ' b|?| +48,
Zh dvvxph wkdw wkh oderu pdunhw lv frpshwlwlyh1 Wkh vl}h ri wkh srsxodwlrq









<Wklv htxdwlrq vwdwhv wkdw doo wkh srsxodwlrq lv hpsor|hg lq d up ru lq
wkh uhvhdufk vhfwru1 Wkh iudfwlrq ri wkh srsxodwlrq kluhg e| upv fdq eh
hpsor|hg hlwkhu iru surgxfwlrq/ ru iru frruglqdwlqj wkh glylvlrq ri oderu1
Wkh prgho lv qrz ixoo| vshflhg1 Wkh uhvroxwlrq qhhgv ihz fdofxoxv eh0
fdxvh ri wkh vwxg| ri wkh vwdelolw| ri wkh edodqfhg jurzwk sdwk1 Ehiruh wkh
pdlq sursrvlwlrq ri wklv prgho/ zh fdq vlpsoli| wkh prgho wr vkrz zkhuh wkh
devhqfh ri vfdoh hhfwv frph iurp1 Frqvlghu wkdw wkhuh duh qr zrunhuv lq wkh








Xvlqj 9 dqg ;/ wkh suhylrxv htxdwlrq |lhogv
u| 'E nwEr  _
w
|| +4:,
Wkxv/ zkhq wkh qxpehu ri upv lqfuhdvhv/ wkhlu lqwhuqdo glylvlrq ri oderu
ghfuhdvhv1 Lqghhg/ zkhq wkh qxpehu ri upv lqfuhdvhv hdfk ri wkhp surgxfhv
ohvv1 Ehfdxvh ri wkh frvw ri frruglqdwlqj wkh zrunhuv/ glylvlrq ri oderu lq0
fuhdvhv zlwk wkh surgxfwlrq ri d up1 Wkxv wkh juhdwhu wkh qxpehu ri upv/
wkh vpdoohu wkh glylvlrq ri oderu1 Rqh fdq vd| wkdw wkhuh lv d vxevwlwxwlrq
hhfwv ehwzhhq wkh lqwhuqdo glylvlrq ri oderu _| dqg wkh h{whuqdo glylvlrq ri
oderu ehwzhhq upv |1 Dv wkh suredelolw| ri glvfryhu| ri qhz sdwhqwv lv dq
lqfuhdvlqj ixqfwlrq ri wkh lqwhuqdo glylvlrq ri oderu/ wkh lqfuhdvh lq wkh qxp0
ehu ri upv ghfuhdvhv wkh udwh ri duulydo ri qhz upv1 Wkxv/ li wkh srsxodwlrq
lv qrw jurzlqj wkh hqgrjhqrxv duulydo ri qhz upv lv qrw vhoi0vxvwdlqlqj/ lw
ehfrphv kdughu dqg kdughu wr glvfryhu qhz sdwhqwv1 Wkxv/ wklv wkhru| ri
whfkqlfdo fkdqjh pdnhv wkh gl!fxow| ri glvfryhu| hqgrjhqrxv/ zklfk kdv
ehhq frqvlghuhg h{rjhqrxv lq Vhjhuvwurp ^4<<;` dqg Nruwxp ^4<<<`1 Pruh0
ryhu/ htxdwlrq +4:, vkrzv wkdw wkh juhdwhu w/ wkh vpdoohu wkh hhfw ri | rq
_|1 Lqghhg/ wkh hodvwlflw| ri _| zlwk uhvshfw wr | lv *w1 Dv d frqvhtxhqfh/
wkh ghfuhdvh lq wkh qxpehu ri wkh rssruwxqlwlhv ri lqqrydwlrq lv vpdoohu zkhq
w lqfuhdvhv1 Wkxv/ wkh jurzwk udwh lv h{shfwhg wr eh dq lqfuhdvlqj ixqfwlrq
ri w1
Zh fdq qrz vwdwh rxu pdlq sursrvlwlrq1
Sursrvlwlrq 4 Wkh ydoxhv _
wn￿
| | dqg _|u| duh frqvwdqw dorqj d edodqfhg
jurzwk sdwk1 Wkh jurzwk udwh ri wkh qxpehu ri upv dqg ri wkh lqwhuqdo






Pruhryhu/ wkh edodqfhg jurzwk sdwk lv d vdggoh0sdwk htxloleulxp1
Wkh surri zklfk qhhg ihz fdofxoxv lv lq dsshqgl{1 Iluvw/ dv lw zdv h{0
shfwhg/ wkh qxpehu ri upv lqfuhdvhv zlwk w1 Vhfrqg/ wkh lqwhuqdo glylvlrq ri
oderu ghfuhdvhv zkhuhdv wkh qxpehu ri up lqfuhdvhv = wkhuh lv d vxevwlwxwlrq
ri lqwhuqdo glylvlrq ri oderu e| h{whuqdo glylvlrq ri oderu +|,1 Wklug/ wkh
fkdqjh lq glylvlrq ri oderu qhhgv dq lqfuhdvh lq wkh vl}h ri wkh srsxodwlrq1 Li
lw lv qrw wkh fdvh/ wkh glylvlrq ri oderu vwrsv dw d vwdwlrqdu| vwdwhv1
Wkhvh jurzwk udwh doorz xv wr ghgxfh wkh jurzwk udwh ri wkh hfrqrp|1























'|*'|  1 Htxdwlrq +44, vkrzv wkdw } lv dovr wkh jurzwk udwh ri
frqvxpswlrq shu fdslwd1

































d E n wnw6o
Dq lqfuhdvh lq frqvxpswlrq shu fdslwd/ dv lq glylvlrq ri oderu/ qhfhvvlwdwhv
dq lqfuhdvh lq wkh vl}h ri wkh srsxodwlrq1 Wklv uhvxow lv vlplodu wr wkrvh
ri Mrqhv^4<<8d/e`/ Vhjhuvwurp ^4<<;`dqg Nruwxp ^4<<;` dprqj rwkhuv1 Wkh
jurzwk udwh h{klelwv dq lqwhu0lqgxvwuldo pxowlsolhu hhfw ￿
￿3# ehfdxvh hdfk
jrrg fdq eh hlwkhu frqvxphg ru xvhg dv dq lqwhuphgldwh jrrg1 Wkh jurzwk
44udwh lv d srvlwlyh ixqfwlrq ri wkh hhfw ri surgxfw glyhuvlw| rq wkh surgxfwlylw|
ri idfwruv/ exw hyhq li wkhu duh qr hhfw ri surgxfw glyhuvlw| + 'f  /w k h
jurzwk udwh lv srvlwlyh dqg htxdo wr ￿
￿3#w61 Wklv uhvxow frphv iurp wkh
hqgrjhqrxv lqfuhdvh lq wkh qxpehu ri upv1 Dv d frqvhtxhqfh/ hyhq li wkhuh
duh qr surgxfwlylw| jdlqv/ wkh lqfuhdvh ri wkh qxpehu ri upv/ dqg wkh qrq0
frqvwdqw uhwxuqv dw wkh up ohyho/ vxvwdlqv jurzwk1 Ixuwkhupruh/ wkh jurzwk
udwh lv dq lqfuhdvlqj ixqfwlrq ri 6 zklfk lv wkh sursruwlrq ri surw lq wkh up
rxwsxw1 Wklv uhodwlrq lv vlplodu wr Djklrq dqg Krzlww ^4<<5` uhvxow1 Lw lv wkh
wudglwlrqdo fkdqqho ri wkh uhpxqhqudwlrq ri wkh uhvhdufk hruw/ wkh juhdwhu 6
wkh pruh surwdeoh dq lqqrydwlrq1 Li wkh vkduh ri surwv lq rxwsxw lv qhdu f/
jurzwk shu fdslwd fdq eh vxvwdlqhg li wkh hhfw ri glyhuvlw| rq surgxfwlylw|
+:f, lv juhdw hqrxjk1 Ilqdoo|/ wkh jurzwk udwh lv dq lqfuhdvlqj ixqfwlrq ri
w iru wkh vdph uhdvrq dv wkh qxpehu ri upv | lv1 Dv d frqvhtxhqfh/ w kdv
d qhjdwlyh ohyho hhfw dqg d srvlwlyh hhfw rq jurzwk1
Zh fdq fkhfn wkdw wkh uhvrxufhv doorfdwhg wr wkh uhvhdufk vhfwru duh jurz0
lqj dorqj d edodqfhg jurzwk sdwk1 Lqghhg/ htxdwlrq +49, |lhogv wkh vl}h ri wkh
txdqwlw| ri oderu ?e
| doorfdwhg wr wkh uhvhdufk vhfwru lq wkh pdunhw htxloleulxp
?
e




















Wkh suhylrxv sursrvlwlrq hqwdlov wkdw wkh eudfnhw lv frqvwdqw dorqj d
edodqfhg jurzwk sdwk1 Dv d frqvhtxhqfh/ wkh srsxodwlrq doorfdwhg wr wkh
uhvhdufk vhfwru lv jurzlqj1 Wkh udwh ri sdwhqwlqj oR lv frqvwdqw dorqj d
edodqfhg jurzwk sdwk dqg lw lv htxdo wr wkh udwh ri jurzwk upv qxpehu1
















6R s w l p d o j u r z w k
Wkh vrfldo sodqqhu pd{lpl}hv wkh glvfrxqwhg xwlolw| ri doo wkh ixwxuh jhq0
hudwlrq1 Wkh frqvwudlqwv duh uvw wkh surgxfwlrq ixqfwlrq ri d up/ wkh
45htxloleulxp ri wkh jrrg pdunhw/ wkh htxloleulxp ri wkh oderu pdunhw dqg wkh
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Wkh odvw htxdwlrq ri wklv surjudp vkrzv wkdw wkh suredelolw| ri d glvfryhu|
ghshqgv rq wkh vxp ri doo wdvnv shuiruphg lq hdfk up1 Lw lv wkxv dvvxphg
wkdw doo wdvnv duh glhuhqw1 Wkh uhvroxwlrq lv jlyhq lq dsshqgl{1 Wkh pdlq
uhvxowv duh jlyhq lq wkh irorzlqj sursrvlwlrq1
Sursrvlwlrq 5 Wkh rswlpdo jurzwk udwh ri wkh hfrqrp| }W lv htxdo wr wkh





d E n wnw6o
Wkh pdunhw htxloleulxp kdv hlwkhu wrr pxfk oderu doorfdwhg wr wkh uhvhdufk





qrw hqrxjk oderu doorfdwhg wr wkh uhvhdufk vhfwru dqg d wr kljk dq lqwhuqdo





Wkh htxdolw| ri wkh rswlpdo jurzwk udwh dqg wkh ghfhqwudol}hg jurzwk
udwh fdq eh irxqg lq rwkhu prghov ri jurzwk zlwkrxw vfdoh hhfwv/ vxfk dv
Vhjhuvwurp ^4<<;`1 Lq jurzwk prghov zlwk vfdoh hhfwv wkh h{whuqdolwlhv zklfk
jhqhudwh wkh joredo lqfuhdvlqj uhwxuqv hqwdlo wkh pdunhw jurzwk udwh wr glhu
iurp wkh rswlpdo jurzwk udwh1 Khuh wkh h{whuqdolwlhv kdyh rqo| d ohyho hhfwv
dqg gr qrw hhfw wkh orqj uxq jurzwk udwh1 Wkh h{whuqdolwlhv ri wklv prgho
duh wkh ghshqgdqfh ri wkh suredelolw| ri glvfryhu| rq wkh lqwhuqdo glylvlrq
ri oderu1 Wkh fdofxodwlrq vkrzv wkdw wkh pdunhw htxloleulxp ohyho ri lqwhuqdo
glylvlrq ri oderu dqg ohyho ri oderu doorfdwhg wr uhvhdufk duh qrw rswlpdo1 Wkh
lqwhuqdo glylvlrq ri oderu fdq eh wr kljk duh wr vpdoo1 Zkhq wkh hhfw ri wkh
glylvlrq ri oderu rq surgxfwlylw| lv kljk +vpdoo r,/ wkhq wkh lqwhuqdo glylvlrq
ri oderu lv wrr kljk/ dqg zkhq wkh hhfw ri wkh lqwhuqdo glylvlrq ri oderu lv
vpdoo/ wkh lqwhuqdo glylvlrq fdq eh wrr vpdoo1
467 Glvfxvvlrq ri wkh prgho = Zkdw lv wkh qxp0
ehu ri wdvnv shuiruphg lq wkh hfrqrp| B
Zh dvvxphg wkdw doo upv zhuh glylglqj oderu lq d glhuhqw zd|/ vxfk wkdw
wkh qxpehu ri wdvnv shuiruphg lq wkh hfrqrp| zdv wkh qxpehu ri wdvnv
shuiruphg lq d up wlphv wkh qxpehu ri upv/ |_|1W k hq x p e h u r iw d v n v
sod|v d fuxfldo uroh lq wklv prgho ehfdxvh lw lv wkh djjuhjdwh phvxuh ri wkh
qxpehu ri lqqrydwlrq rssruwxqlwlhv/ dqg lw wkxv dhfwv wkh suredelolw| ri
d vxffhvvixo lqqrydwlrq1 Zh fdq vwxg| txlwh vlpso| dq rwkhu dvvxpswlrq/
zklfk lv wr dvvxph wkdw doo upv glylgh oderu wkh vdph zd|/ vxfk wkdw wkh
wrwdo qxpehu ri wdvnv shuiruphg lv qrz _|1 Wkh uhvxowv duh jlyhq ehorz lq
d sursrvlwlrq1 Lw lv gl!fxow wr fkrrvh ehwzhhq ukh wzr dvvxpswlrq1 Rq
wkh rqh kdqg/ wkh h{lvwhqfh ri d udqjh ri txdolfdwlrqv ri zrunhuv lq doo
vhfwruv vhhp wr frqup wkh vhfrqg dvvxpswlrq/ wkh _|0dvvxpswlrq1 Wkhvh
txdolfdwlrqv pdnh hdfk zrunhu frpshwhqw rq d vpdoo qxpehu ri wdvnv/ dqg
pdq| txdolfdwlrqv duh zlghvsuhdg dfurvv vhfwruv1 Wklv zrxog hqwdlo wkdw doo
upv shuirup pruh ru ohvv wkh vdph wdvnv/ vxfk dv dffrxqf|/ vhfuhwdu|vkls/
qdqfldo dqdo|vlv/ dqg vr rq1 Rqh pxvw dfnqrzohgjh wkdw pdq| wdvnv duh
frpprq dfurvv vhfwruv1 Rq wkh rwkhu kdqg/ wkhuh duh vrph txdolfdwlrqv
zklfk duh olqnhg wr shfxoldu vhwruv/ vxfk dv whdfkhuv ru sk|vlfldqv + vhh Ehfnhu
dqg Pxusk| ^4<<5`,1 Pruhryhu/ hyhq li wkh txdolfdwlrq lv yhu| jhqhudo/ rq
wkh mre wudlqlqj pdnh zrunhuv pruh surgxfwlyh rq d vpdoo qxpehu ri wdvnv1
Wkhvh wdvnv fdq eh olqnhg wr wkh w|sh ri fdslwdo jrrgv xvhg lq wkh up/ ru
wr wkh up rujdql}dwlrq1 D vhpl0vnloohg zrunhu zlwk d suhflvh txdolfdwlrq
zloo gr txlwh glhuhqw wdvnv li kh ru vkh zrunv lq dq dxwrpreloh idfwru| lq
Mdsdq ru lq wkh XVD1 Dv d frqvhtxhqfh wkh olqn ehwzhhq txdolfdwlrqv dqg
wdvnv shuiruphg lv xqfohdu1 Wkhvh uh hfwlrqv pdgh xv sxw uzdug wkh |_|0
dvvxpswlrq = Wkh qxpehu ri wdvnv lqfuhdvhv zlwk wkh qxpehu ri upv1 Wkh
uhvxowv lq wkh _|0fdvh duh vxpdul}hg lq wkh iroorzlqj sursrvlwlrq1 Wkh surri
lv ohiw lq dsshqgl{1
Sursrvlwlrq 6 Li doo upv glylgh oderu wkh vdph zd|/ wkh suredelolw| ri d
vxffhvvixo lqqrydwlrq lv b| ' _| Wkh udwhv ri jurzwk ri wkh lqwhuqdo dqg










Wkh lqwhuqdo glylvlrq ri oderu whqgv wrzdug d frqvwdqw lq wkh orqj uxq dqg
wkh qxpehu ri upv lqfuhdvhv dw d udwh zklfk lv wkh srsxodwlrq jurzwk udwh1
Wkh jurzwk udwh ri wkh hfrqrp| ghshqgv rqo| rq wkh hhfw ri wkh glyhuvlw|
ri lqsxwv rq wkh surgxfwlylw| ri idfwruv lq wkh up1 Zkhq wkhuh lv qr hhfw/
wkh jurzwk udwh shu fdslwd grhv qrw lqfuhdvh1 Wkh glhuhqfh ehwzhhq wkh
jurzwk udwh ri wkh qxpehu ri upv dqg wkh jurzwk udwh ri wkh srsxodwlrq
pd| ohdg wr sxw wklv dvvxpswlrq lq grxew1 Qhwkhuwkhohvv/ zh frxog qg d
srvlwlyh glhuhqfh dorqj wkh wudqvlwru| g|qdplf hyhq zlwk wklv dvvxpswlrq1
Dq rwkhu gl!fxow dvshfw lv wr ghwhuplqh wkh fkdqjh lq wkh ohyho ri lqwhuqdo
glylvlrq ri oderu ri upv lq wkh orqj uxq1 Lw pd| eh gl!fxow wr xvh wkh ohyho
ri glylvlrq ri oderu lq wkh up/ ehfdxvh dw wklv ohyho pdq| rwkhu idfwruv pd|
dhfw wkh glylvlrq ri oderu lq wkh up1
8F r q f o x v l r q
Wklv prgho sursrvhv d wkhru| ri whfkqlfdo fkdqjh edvhg rq Dgdp Vplwk*v lq0
wxlwlrq ri wkh uroh ri glylvlrq ri oderu lq hfrqrplf jurzwk1 Whfkqlfdo fkdqjh lv
wkh glvfryhu| ri qhz fdslwdo jrrgv zklfk khos zrunhuv ru hyhq uhsodfh zrunhuv
shuiruplqj suhflvh wdvnv1 Dv d frqvhtxhqfh/ wkh qxpehu ri rssruwxqlwlhv ri
lqqrydwlrq lv dq lqfuhdvlqj ixqfwlrq ri wkh qxpehu ri wdvnv shuiruphg lq wkh
hfrqrp|1 Zh uvw prgho glylvlrq ri oderu zlwklq upv dqg wkhq prgho wkh
uhvhdufk vhfwru1 Wkh suredelolw| ri lqqrydwlrq lv qrw rqo| d ixqfwlrq ri wkh
txdqwlw| ri uhvrxufhv doorfdwhg wr wkh uhvhdufk vhfwru/ exw dovr ri wkh wrwdo
qxpehu ri wdvnv1 Zh vkrz wkdw wklv wkhru| |lhogv d jurzwk prgho zlwkrxw
vfdoh hhfwv1 Wkh pdunhw htxloleulxp |lhogv dq rswlpdo htxloleulxp jurzwk
udwh/ exw d vxe0rswlpdo wudqvlwru| g|qdplf1 Wklv vxe0rswlpdolw| fdq wdnh
wzr irupv = hlwkhu wrr pdq| uhvhdufkhuv dqg dq lqwhuqdo glylvlrq ri oderu wrr
vpdoo dq lqwhuqdo glylvlrq ri oderu/ ru wrr ihz uhvhdufkhuv dqg dq wrr kljk dq
lqwhuqdo glylvlrq ri oderu1 Zh vkrz wkdw wkh orqj uxq jurzwk udwh ghshqgv
rq wkh dvvxpswlrq pdgh rq wkh hyroxwlrq ri wkh qxpehu ri wdvnv gxulqj hfr0
qrplf ghyhorsphqw1 Li wkh qxpehu ri wdvnv lv lqfuhdvlqj/ d srvlwlyh hhfw ri
wkh glyhuvlw| ri fdslwdo jrrgv rq wkh surgxfwlylw| lv qrw qhfhvvdu| wr rewdlq
d srvlwlyh jurzwk udwh shu fdslwd1
48D Surri ri sursrvlwlrq 4
Xvlqj wkh surgxfw pdunhw htxloleulxp +44, dqg wkh oderu pdunhw htxloleulxp
+49,/ zh fdq h{klelw wzr glhuuhqwldov htxdwlrq/ zkrvh vroxwlrq jlyhv wkh
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Ilqdoo|/ zh fdq fdofxodwh wkh glhuhqfh ehwzhhq wkh lqwhuhvw udwh dqg
wkh udwh ri jurzwk ri wkh surgxfwlrq ri d up oE| 
￿
’|
































Wkh suhylrxv htxdwlrq lv d uvw qrq0olqhdu glhuhqwldo htxdwlrq/ zklfk uh0
odwhv wkh lqwhuqdo glylvlrq ri oderu _| dqg wkh qxpehu ri upv |1 Wkh vhfrqg
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49Zlwk htxdwlrq +48,/ zh kdyh ?| '
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b| 1 Zlwk +59,/ lw |lhogv
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| +5:,
Wkh suhylrxv htxdwlrq lv wkh vhfrqg glhuhqwldo htxdwlrq lq _| dqg |1 Htxd0
wlrq +57, dqg +5:, fdq eh xvhg wr zulwh wkh glhuuhqwldo v|vwhp pruh vlpso|1































|  4  2_|u|
Wkh edodqfhg jurzwk htxloleuld lv ghqhg e| wkh jurzwk udwh ri wkh lqwhu0
qdo glylvlrq ri oderu
￿
_|
_| dqg wkh jurzwk udwh ri wkh h{whuqdo glylvlrq ri oderu
￿
￿|
￿| ehlqj frqvwdqw1 Htxdwlrq +57, lpsolhv wkdw |_
wn￿
| lv frqvwdqw dorqj d
edodqfhg jurzwk sdwk1 Wkh uvw htxdwlrq ri wkh v|vwhp |lhogv _|u| ehlqj















Wkh jurzwk udwh ri wkh srsxodwlrq lv frqvwdqw wkxv
￿
u|*u| ' 1 Wkh vroxwlrq








4:Wkh vwxg| ri wkh vwdelolw| ri wkh edodqfhg jurzwk sdwk lv hdvlhu zlwk wkh
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